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Abstract. In prior work, the author has characterized the real numbers a, 6, c 
and 1 < p,q,r < oo such that the weighted Sobolev space (R^\{0}) := 

{u G i i 1 oc (K JV \{0}) : \x\*u G L q (R N ), \x\p\7u G (LP(R n )) n } is continuously 
embedded into L r (R N ; \x\ c dx):= {u G Lj oc (R N \{0}) : \x\fu G L r (R N )}. 
This paper discusses the embedding question for wj"^ '(K- !V \{0}) := {u G 

L L( RJV \{°}) : M a " e L°°(R N ), \x\p Vu G (^(1"))^}, which is not the 
space obtained by the formal substitution q = oo in the previous definition of 
Vy { ( ^^|(R JV \{0}), unless a = 0. 

The corresponding embedding theorem identifies all the real numbers a, b, c 
and f < p,r < oo such that VVr^? (K JV \{0}) is continuously embedded in 
L r (R N ; \x\ c dx). A notable feature is that such embeddings exist only when 
a ^ and, in particular, have no analog in the unweighted setting. 

It is also shown that the embeddings are always accounted for by mul- 
tiplicative rather than just additive norm inequalities. These inequalities are 
natural extensions of the Caffarelli-Kohn-Nirenberg inequalities which, in their 
known form, are restricted to functions of Cq°(R n ) and do not incorporate 
suprcmum norms. 



1. Introduction 

Throughout this paper, := R^jO}. Given d £ R, the measure \x\ d dx 
on R^ can be extended to a measure on R w provided that the |x| d dx-measure 
of {0} is defined to be (this must be specified if d < —N). If so, the space 
L S (M. N ; \x\ d dx), < s < oo, coincides with the space of Lebesgue measurable func- 
tions u on M. N such that \x\*u S L S (M. N ). The norm (quasi- norm when < s < 1) 
of u C L 3 (M. N ; \x\ d dx) will be denoted by ||u||d,s := || |^| ^ u \\s, where || • || s is the 
(quasi) norm of L S (R JV ). 

If a, b £ R and 1 < p < oo and < q < oo, set 

(1.1) W$f(R?):= 

{u £ Ll oc (R? ) : u G L*(R N ; \x\ a dx), Vu £ (L P (R N ; 1^1^^))^}, 

with (quasi) norm ||u|| a ,g + ||Vu||b iP . Note that (R^) is not defined as 

the -usually smaller and unknown- closure of some subspace of smooth enough 
functions. 
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Recently, the author has characterized all the real numbers a, b, c and 1 < 
p,q,r < oo (1 < p < oo and < q,r < oo if N = 1) such that Wl^f ) (Rf ) 

L r (R Ar ; |x| c (ia;) where, as usual, "^V refers to continuous embedding, and shown 
that, with a single exception, this embedding is accounted for by a multiplicative 
inequality (|10j). This generalizes both the Sobolev embedding theorem in the un- 
weighted case a = b = c = and the Caffarelli-Kohn-Nirenberg (CKN) inequalities 
[2] when a, b, c> -N and u G Cg°(R N ). 

If W$f(B?) ^ L r (R N ; \x\ c dx), then W$f(R N ) ^ L r (R N ; \x\ c dx) since 
a smaller space is obtained when R^ is replaced by H N in However, it is 

only with that the admissible values of the parameters a, b, c,p, q, r have been 
exactly identified. If b < 0, these admissible values are the same whether M. N or R^ 
is used. This is essentially trivial if N = 1 and due to ^^(R") = W$f(S?) 
if & < and N > 2 (Remark [Hp) . 

The goal of the present paper is to show that, in a suitable form, the results of 
|10) can be extended when p and r are still finite but, roughly speaking, q = oo, 
although the problem is trivial if this statement is taken literally. Indeed, since 
I 00 ^; |x| a (ix) = L°°(18L N ) is independent of a, the constant function u = 1 gives 
an example when u £ L°°(R Ar ; |x| a da;) and Vu £ (L P (R N ; |a;| b (ia;)) Ar irrespective of 
a, yet u does not belong to L r {R N ; \x\ c dx) for any c G R and < r < oo. Thus, 
no embedding is true when q = oo in (jl.ll) . 

The fact that the substitution q — oo in (jl.ip produces a space independent of 
a suggests that this is not how WM^(R^) should be defined when q = oo. As we 
shall see, the "correct" definition is given by 

(1.2) ^ 6 7 rt (Rf ) := 

G ) : M Q « G L°°(R N ), Vu e (^(1^; |x| b dx)) JV }, 

equipped with the natural norm 

(1.3) HM^IU + llVulkp. 

As in the case of when q < oo, the space W/„ ^ (R^) contains the space 

W}^' P \R N ) obtained by replacing Rf by R w in (fOJ). Once again, both spaces 
coincide when N > 2 and & < 0; see Remark |8. II 

Unlike \x\ a u G L«(R JV ) with 9 < oo, which is just u G L q (R N ; \x\ a idx), when 
a ^ the condition |a;| a u G L°°(M. N ) is not of the type u G L s (fj,) for some measure 
fi on R w or R^ and some < s < oo. On the other hand, the space obtained 
by setting q = oo in is recovered if and only if a — in (|1.2|) . Accordingly, 

a ^ is necessary for any embedding. In particular, the results of this paper do 
not generalize a property already familiar in classical, unweighted, Sobolev spaces. 
They are special to weighted spaces with nontrivial (power) weights, although 6 = 
is not ruled out. 

Some notation must be introduced for the statement of the embedding Theorem 
11.11 below, whose proof is the single purpose of this paper. As is customary, if 
1 < p < oo, then 

Np 

p* = oo if p > N and p* = if 1 < p < N. 
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Next, we denote by c° and c 1 the two points 

(1.4) c°:=ar-N and c} := ^- P + N) _^ 

P 

where it is understood that a, b,p and r are given. The points c° and c 1 are distinct 
if and only if ap — N =/= b — p. If so and if c is in the closed interval with endpoints 
c° and c , we set 

c- c° 

(1-5) C := 5 , 

so that # c S [0, 1] and that 

(1.6) c = 9 c c 1 + (l-0 c )c°. 

In particular, 6» c o = and c i = 1 and, by (|1.4p . (|1.5p and (|1.6p. 

, , c + 7V b-p + N 

1.7 = # c + l-0 c a. 

r p 

Theorem 1.1. Let a,b,c G R and 1 < p, r < oo 6e given (1 < p < oo and 
< r < oo if N = 1). Then, Wk^' p) (R^) ^ L r (R N ; \x\ c dx) (and hence 

W {aM P \ R *) ^ Wl£f\n?)) if and only if a ^ and one of the following 
four conditions holds: 

(i) ap — N and b — p are on the same side of —N (including —N), ap — N ^ b — p, 
c is in the open interval with endpoints c° and c 1 and 6 C < ■ 

(ii) ap — N and b — p are strictly on opposite sides of —N (hence ap — N ^ b — p), 
c is in the open interval with endpoints c° and —N and 6 C < — . 

(Hi) p < r < p* , a(b — p + N) > (i.e., ap — N and b — p are strictly on the same 
side of —N) and c = c . 

(iv) p < N,r > p* ,ap — N = b — p and c = c 1 (= c°). 

Furthermore, when the embedding W}^^' P \M.^) L r (K N ; \x\ c dx) holds, it is al- 
ways characterized by a multiplicative inequality. Specifically: 

(v) If a 7^ and one of the conditions (i) to (Hi) holds with ap — N ^ b — p (which 
is already assumed in (i) or (ii)), there is a constant C > such that 

(1.8) N| c , r < C||V<;|| \x\ a u\\^, V U e w£g' p) (Rf ), 

where 9 C is given by [1.4]) and i 1.5]) . 

(vi) If a 0, ap — N = b — p and if p < r < p* , c — c 1 (— c°), there is a constant 
C > such that 

(1.9) H| cV < C\\Vu\\ b , p , VueWjg^ORf). 

(vii) If a ^ 0, p < N,ap — N = b—p and if r > p*,c = c 1 (= c°), there is a constant 
C > such that 

(1.10) IMU.r^cnvuiiJiiH-uii^, v« e wl$ p) {p? ). 

The value r = oo is not included in Theorem ll.il This case requires a different 
treatment and will be discussed elsewhere in a more general framework ([11]). It is 
plain that the restriction 9 C < £_ in (i) and (ii) is only relevant when p < N and 
r > p*. 
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To avoid misunderstandings, it should be stressed that if u is a distribution on 
R whose restriction to Rf; is in wM^' p) (Mf), Theorem O addresses only the 
integrability of a;| c |M| r when u is viewed as a distribution on R^. For instance, if 
u = 5 (Dirac delta), then 5 is the function on R^ and Theorem 11.11 with c = 
and r = 1 implies the trivial G L 1 (R JV ) but not the absurd J G L 1 (R JV ). It is only 
when u G Lj oc (M. N ) that the integrability of |a;| c |w| r is independent of whether u is 
viewed as a distribution on R N or Rf . 

The necessity of the conditions given in Theorem ll.ll is proved in the next section, 
where it is also shown that the inequality (jl.8|) in part (v) holds if the sufficiency 
of a ^ together with (i), (ii) or (hi) is assumed (Corollary 12.21) . 

Since the norm (|1 .3[) incorporates a supremum norm, a classical two-step ap- 
proach to the sufficiency, first for some subclass of functions with bounded supports, 
followed by a denseness argument, is clearly hopeless in generafl. For example, if 
b — p < ap — N and u is a smooth function on M. N vanishing on a neighbor- 
hood of and equal to \x\~ a for large \x\, then u G W^^'^ (R^), but u can- 
not be approximated by functions of W}^^ (R^ ) with bounded support since 
| \x\ a (u — v)||oo > 1 for every such function v. 

The sufficiency of a ^ plus one of the conditions (i) to (iv) is proved in four 
steps, after the short Section [3] of background material. The case r = p is resolved 
first (Section^ Theorem l4.2l) and used to handle 1 < r < p (Section[Sl Theorem l5.2[) 
and p < r < p* (Section [6l Theorem I6.3[) . All three proofs also rely upon various 
special cases of the main embedding theorem in |10j . Lastly, when 1 < p < N 
and r > p*, the embedding is deduced from the case r = p* through a nonlinear 
"change of variable" . The (necessary) restriction 9 C < 2- is crucial to the success 
of this procedure (Section [71 Theorem 17. 3[) . The multiplicative inequalities (jl.9|) 
and (jl.101) are proved in Theorems 14.21 16.31 and 17.31 

When 1 < r < p (Sections [4] and [5]) , the embedding theorem is actually stronger 
than Theorem 1 1 . 1 1 since it proves the embedding into L r (R N ; |a;| c o?a;) of the larger 
space 

(1.11) W^:= 

{u e iL(Kf ) : M°« e L°°(R N ), d p u G L p (R N ; \x\ b dx)}, 
with the weaker norn{^ 

(!- 12 ) ll u ll{o,6},(oo,p) : = II kr^lloo + ||9p1i|| 6i p, 

where, in (|l.llj) and (|1.12|) . d p u — Vu ■ A denotes the radial derivative of u (well 
defined for every distribution on R^). Thus, the embedding requires no integrability 
assumption about the first derivatives, except for the radial one. This is no longer 
true when r > p, when the embedding is only proved for the space Wl'^^'^ (R^)- 
The multiplicative inequalities (|1.8p , (|1.9p and f| 1 . 10[) are extensions of the CKN 
inequalities [2] since, in addition to requiring u G C^ > °(R Ar ), the latter do not in- 
corporate supremum norms. The same thing can be said of related inequalities of 
Maz'ya Theorem 9], [3 p. 127] (see also the expanded text [8]), more general but 
less explicit than the CKN inequalities. 



4t also fails when q < oo, though for less obvious reasons; see |10j . 
2 We shall not need a notation for the norm of £j (Rj^ ) in l |l-3jl . 
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As a more concrete example, the real numbers a, b and 1 < p, r < oo such 
that W^^' P \M.^) is continuously embedded in the unweighted space L r (R N ) (so 
that c = 0) are characterized in Section [8] (Theorem 18. 1[) . When N = 1,7" > p 
and b = p ^1 + ~ — (and a > 0,c = 0) we show that Theorem 18.11 can be 

deduced from a weighted Hardy- type inequality of Bradley [I] , or even by a simple 
integration by parts ifa = b = p = r = l. We also show that if b = c = (Corollary 
I8.2[) . another proof can be derived from Sobolev's inequality irrespective of N. 

Even though the examples of Section [8] show that there is no doubt that the 
inequalities of this paper must be known for some values of the parameters, no sys- 
tematic investigation seems to be on record, even for Cq°(M n ) or C^°(R^) and/or 
N = 1. On the other hand, for functions of Cq°(M£), the multiplicative inequali- 
ties, including those of [10] . hold for a wider range of parameters than stipulated 
in Theorem ll.il No proof of this claim will be given here, but when p = q = r = 2 
and c = — 1 , a result of this type was recently obtained by Catrina and Costa 

The last section of [10 explains, in broad terms, how the embedding theorem of 
that paper can be used to prove more general ones when the weights have power- 
like singularities at a finite number of points and at infinity. The interested reader 
should have no difficulty to see how Theorem 11.11 above fits into that discussion. 

Remark 1.1. Up to and including Section^ the following will be used repeatedly: 
The Kelvin transform x G M> .x|:r|~ 2 G induces an isometry from W^^' pS> 

(wlir } P> (K)) ontoW\^_ 2N _ b} (W l ^_ 2N _ b} {^)) and from L r (R N ; \x\°dx) 
onto L r (M. N : |ir|~ 2Ar ~ c <i:E). In practice, this will be helpful to shorten proofs when 
two sets of assumptions about a and b are exchanged into one another by Kelvin 
transform. 

Everywhere in the paper, C > denotes a constant whose value may not be the 
same in different places. Also, C € C§°(R N ) is chosen once and for all such that 
< C < 1, CO) = 1 if \x\ < | and CO) = if |x| > 1. 

2. Necessity 

In this section, we prove that the hypotheses of Theorem 11.11 are necessary in 
the more general case when r > and N is arbitrary; recall r > 1 is assumed in 
Theorem PI when N > 1. 

Theorem 2.1. Let a, b,c € R and 1 < p < oo,0 < r < oo be given. Then, 
^{o H W (hence a fortiori wM^' ) is not contained U (R N ; |a;| c <ia;) if one of 
the following conditions holds: 

(i) a = 0. 

(ii) c does not belong to the closed interval with endpoints c° and c . 
(Hi) ap — N ^ b — p, c = c . 

(iv) b — p < —N,a > or b — p > ~N,a < and c does not belong to the open 
interval with endpoints c° and —N. 

Furthermore, W^ a ^' p \R^) (hence a fortiori W^^'^ ) is not continuously em- 
bedded into L r (R N ; \x\ c dx) if: 

3 In principle, this does not rule out W}^' p) (Rf ) C L r (R JV ; \x\ c dx). 
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(v) c = c 1 and r < p. 

Proof, (i) u = 1 provides a counterexample. 

(ii) If c < minjc ^ 1 }, let := \x\-^C(x). Then, it ^ L r (R N ; \x\ c dx) 
since |x| c |it(a;)| r = |x| _Ar on a neighborhood of 0, but it g wM^' 11 ' (R^) since 

a — ^rr^ > 0, b — p — pfc+AO > — TV, £ has compact support and V£ has compact 
support and vanishes on a neighborhood of 0. 

If c > maxjc^c 1 }, let u(x) := \x\ ~ (1 — ((x)) and argue as above, with 
obvious modifications. 

(iii) If ap — N ^ b — p, then c 1 ^ c° and the argument of (ii) continues to work 
when c = c . 

(iv) By Kelvin transform fRcmark ll.ip . it suffices to consider b—p < —N and a > 
0. If so, ap-N > b-p and c 1 < -N < c°, so that W^'^Rf ) £ 27 (R w ; |a:| c (ix) 
if c > c° by (ii) and (iii). If now c < -N, then C ^ L r (R w ; \x\ c dx) since ( = 1 on a 
neighborhood of but £ 6 W^^'^C^^) since a > 0,£ has compact support and 
V£ has compact support and vanishes on a neighborhood of 0. 

(v) The argument is different when ap — N b — p and when ap — N = b — p. 
Case (v-i ): ap — N ^ b — p. 

By Kelvin transform and part (i), it suffices to consider the case when a < 0. By 
contradiction, if W^' p) (R^ ) ^ L r (R N ; \xf dx), then ||tt|| c i, r < C(|| {x^u^ + 

||Vu||h,p) for every u £ W^^' P \R^ ) . Upon replacing it(x) by u(Xx) with A > 0, 
this yields ||u|| c i, r < C(X k \\ |:c| a it||oo + ||Vit|| b , p ) where k := b ~ p + N - a / (this 
uses c 1 = r ( b ~P +N *) _ TV). Thus, ||it|| c i r < C||Vit||(, jP by letting A tend to or 
oo. In particular, this holds when u(x) — f(\x\) with / £ W l( ] p (0, oo), / > 0, / = 
on a neighborhood of and f — M (constant) on a neighborhood of oo (if so, 
it(x) = is in W^^' P \M.^) irrespective of a < 0, b £ K and p > 1) and so 

|/| | c i_|_iv— i,r < C\\f'\\b+N-i.p for every such /. That it is not so when < r < p is 
shown in the proof of [TUJ Theorem 2.1 (iv)]. 
Case (v-2): ap — N = b — p. 

If so, c 1 = ar — N (= c ) and a direct rescaling as above is inoperative. By 
contradiction, if ||u|| c i, r < C{\ \ {x^u^ + ||Vit|| 6 , p ) for every it £ W^' p) (Rf ), 
this inequality holds when u(x) — f(\x\) with / £ C§°(0, oo) and then ||/|| r-i,r < 
C(||t a /||oo + ||/'||ap+p-i, P ), where b = ap + p — N was used. Every such / has the 
form f(t) = t- a g{hxt) with g £ C °°(R), whence || 5 || r < C(|| ff |U + ||<?|| p + \\g'\\ p ) 
(unweighted inequality) by the change of variable lni = s. 

By choosing j ^ and replacing g(s) by g(Xs) with A > 0, it follows that 

A r h < C(I 2 + A p I3 + Ap' Z 4 ), where 7i, I 4 > are independent of A > 0. This 
requires ^ < ^ and so r > p. In other words, the embedding cannot be continuous 
if r < p. □ 

As a corollary, we find that when ap — N / b — p, the embedding is characterized 
by a multiplicative, rather than just additive, norm inequality: 

Corollary 2.2. Let a, b, c £ R and 1 < p < 00, < r < 00, be such that ap — N ^ 
b-p. Then, (Kf ) L r (M iv ; |x| c d2:) i/ and only ifa^0,cis in the closed 
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interval with endpoints c° and c 1 and there is C > such that 

(2.1) ||u|| c , r < C||Vu||&|| \x\°u\\ l -\ Vu e w£g' rt (Rf ), 

where 9 C is given by and > U.5|) . TTie same property is true upon replacing 

wli%' p \R?)byWlffi and (KW h 

(2.2) |M| c , r < C||9 p u||^|| IxfuW 1 - ', Vu e W\ffi\ 

Proof. In both cases, the sufficiency follows from the generalized arithmetic-geometric 
inequality. We prove the necessity for Wj^^' p \ Similar arguments work in the case 

of^;g^(Rf). 

That a ^ is necessary was shown in part (i) of Theorem 12.11 Suppose then 
a ^ and J' p) (Mf ) ^ L r (R N ; \x\ c dx). By part (ii) of Theorem O c is 
in the closed interval with (distinct) endpoints c° and c . Furthermore, ||ii|| c ,r < 
C(|| |oo + ||<9pu||{,,p) for every u £ W}^' p \ In this inequality, replace u(x) by 
u(Ax) with A > to get 

c+N c+N b-p + N 

(2.3) ||u|| c , r < C\— ~ a \\ |x| a u||oo + CA~ ~PpU|| 6 , P = 

CA^^HIirulloo + CA^-^^HSpulltj,. 

If c = c° (c = c 1 ), then C = (6 C = 1), so that ||u|| c , r < C|| |af|°it||oc (||«||c,r < 
C||9 p u||b,p), i.e., (|2.2j) holds, by letting A tend to or to oo. Otherwise, (|2.2[) follows 
by minimizing the right-hand side of (|2.3|) for A > 0. This changes C, which however 
remains independent of u even though the minimizer is of course u-dependent. In 
that regard, observe that if 8 C > 0, it follows from (|2.3I) that u = if <9 p u = 0, 
once again by letting A tend to or to oo. Thus, it is not restrictive to assume 
II |aj| 0, it| |oo > and ||<9pu||f, jP > in the minimization step. □ 

The next corollary gives an additional necessary condition for the continuity of 
the embedding when r > p* . 

Corollary 2.3. Let a, b, c G R and l<p<N,p*<r<oo be given. If ap — N ^ 
b-p and W^' p) (M^) <^> L r (R N ; \x\ c dx), then 6 C < £ < 1. 

Proof. First, 8 C £ [0, 1] (even (0, 1|) by Theorem I2.1[ irrespective of p and r. Next, 
let if 6 (R N ) , if ^ 0, be chosen once and for all. If Xq £ 1^ and R :— \xq\ is 
large enough, then ip(- + xq) S C^°(R^) C W^^' p \r^) irrespective of a, b and p. 
By using (|2.ip with u = ip(- + xq) and by letting R — > oo, we get (because Supp if 
is compact) i?-||^|| r < CR^ +a{1 ~ 9c) \ \ Vip\ \ 9 p " \ \ f\ \ 1 x d " with C > independent of 
R > large enough. This implies ~ < 2|a + a(l — 6 C ). By adding ~ to both sides 

and using (|1.7I) . it follows that 6 C (^ — jj\ < This is always true if p > AT or if 

p < N and r < p*, but is equivalent to 9 C < ^r(< 1) if P < N and r > p* . □ 

It is a simple matter to check that, together, Theorem 12.11 and Corollaries 12.21 
and 12.31 imply that the hypotheses of Theorem 11.11 are necessary. 
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3. Background 

In this section, we collect a few preliminary results needed at various stages of 
the proof of Theorem ll.il The material in the first subsection is mostly taken from 
[lOl Section 3]. A proof is given only for Lemma [3~2l not used in that reference. 

3.1. The space W,^ c . If u G L\ oc (S^), define the spherical mean of u 
(3.1) f u (t) := (Nun)' 1 f u{ta)da, 

where ujn is the volume of the unit ball of R N . By Fubini's theorem in spherical 
coordinates, f u (t) is well defined for a.e. t > and /„ G Lj oc (0, oo). Note that u is 
radially symmetric if and only if u(x) = f u (\x\). More generally, us(x) := / u (|x|) 
is the radial symmetrization of u. Set 

W£ := {u G LL(Kf ) : d p u G L^Rf )}. 

If u eWj 1 ^ 1 , then /„ G W^(0,oo) and #(t) := (iVwjv) -1 J s n-i d p u(ta)da. Also, 
M G W io ' c and d p \u\ = (sgau)d p u where sgnu :— a.e. on m _1 (0). Thus, G 
Wj ' c (0, oo), so that /| u | is continuous on (0, oo) and the subsets 

(3-2) W£_ := {u G : fim^oc/|«| (*) = 0}, 

(3-3) W& + := {u G wj 1 ^ 1 : hm t ^ 0+ / M (t) = 0}, 

are well defined. A few properties needed later are spelled out in the next two 
lemmas. 

Lemma 3.1. ([TOj Lemma 3.5]) // / G W^{0,oo)J > and lim t >Q + f(t) = 
Oiffit^oc/W = °)> ^en f(t) < f* \f(r)\dr (f(t) < J t °° \f(r)\dr) for every t > 0. 

Lemma 3.2. Let a, b G R and 1 < p < oo be given. If ' u G W?^^ , </ien 
(i) u G if a > and u G a < 0. 

fiij |u| G W^^' p) and \\ \x\ a \u\ ||oo = || \x\ a u H^, \\d p \u\ \\ bjP = \\d p u\\ b , p . 

(Hi) v := [(\u\P)sp G W^°^ ,p) and | |af| «||oo < || \x\ a u\ \ x , \ \d p v \ \ b . p < \\d p u\\ b , p . 

Proof. Obviously, Wj^' p ' C irrespective of a, b and p. 

(i) By (|3.ip . t a f\ u \ is bounded on (0, oo). Thus, Iim^oo f\ u \{t) = if a > and 
lim t ^ + = if a < 0. 

(ii) Since u G Wj ' c , then d p \u\ = (sgnu)d p u (as mentioned earlier). With this, 
the proof is trivial. 

(iii) That \x\ a v G ^(l") and || M a -u||oo < || M a u||oo follows from || M^H^ = 
|| la^VHoo = II \x\ ap (\u\P)s\\ao < || |a?| ttp |tt| p ||oo (by (EE]) with u replaced by \u\p 
and (\u\p) s (x) := f H ,(\x\)) and from || M ap M p ||oo = || MNISo- 

The proof that d p v G ^(R^; |x| b c?a;) with \\d p v \\ b , p < \\d p u\\ btP is more delicate, 
but identical to the proof given in [lOl Lemma 5.1] when, with the notation of that 
paper, r = p < q < oo and u G W) ^Tf^ ■ D 
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3.2. A Hardy-type inequality. If a < — 1 and 1 < p < oo, the inequality 

(3.4) ^jf°° t a ^j\(r)drj dt\ < C \ a+p g(tf >dt 

holds for some constant C > and every measurable function g > on (0, oo). 
This is a special case of an inequality of Muckcnhoupt [2] for general (compatible) 
weights. If a = —p with p > 1, Hardy's inequality is recovered. 

4. The embedding theorem when r = p 

Let d, b G M. and 1 < p < oo. In analogy with wc define the space 

Wltf ■= i u G L lcK ) ■ « G larl^dar), 9 P « G L P (R N ; \x\ b dx)}, 

with norm |M|{d, fc },(p, p ) := \\u\\d, p + \\d p u\\ b , p . 

The next lemma is a special case of jTOJ Theorem 5.2]. 

Lemma 4.1. Lei 6, c, d G ffi and 1 < p < oo 6e given. Then, W^f^F <-} 

L P (M N ; \x\ c dx) (and hence Wj^ p f^ Wj^y) if one of the following conditions 
holds: 

(i) d and b — p are on the same side of ~N (including —N), d b — p and c is in 
the semi-open interval with endpoints d (included) and b — p (not included). 

(ii) d and b — p are strictly on opposite sides of —N and c is in the semi-open 
interval with endpoints d (included) and —N (not included). 

The conditions (i) and (ii) of the lemma are not necessary: There is a third 
option with no relevance to the issue of interest here. 

Theorem 4.2. Let a,b,c G R and 1 < p < oo be given. Then, Wjf-^ ^ 

L p (Wi N ; |a;| c da;) if and only if a ^ and one of the following three conditions holds: 

(i) ap — N b — p are on the same side of —N (including b — p = —N ) and c is in 
the open interval with endpoints ap — N and b — p. 

(ii) ap — N and b — p are strictly on opposite sides of —N and c is in the open 
interval with endpoints ap — N and —N. 

(Hi) a(b — p + N) > anc@ c — b — p. If so, there is a constant C > such that 

(4-1) \\u\\ b - PtP < C\\d p u\W P , Vu G Wl$"\ 

Proof. The necessity follows from Theorem 1 2 . 1 1 with r = p (hence c° = ap — N and 
c 1 = b—p). To prove the sufficiency, we first choose £ G C^°(R JV ) as in the end of the 
Introduction. It is readily checked that the multiplication by £ or 1 — £ is continuous 
on W^^^ (just notice that |x| b ~ ap is integrable on SuppV£ irrespective of a.b 
and p). Thus, the problem is reduced to showing that ||(m||c,p < C||C u ll{a 1 &},(oo,p) 
and ||(1 — C) u l|c,p < C ||(1 — C) u \\{a,b},(oo,p) where C > is independent of u. 

(i) By Kelvin transform, a proof is needed only when ap — N > —TV (i.e., a > 0) 
and b — p> —N. Since ap — N^ b — p, this splits into the two cases — N < ap — N < 
b — p and —N < b — p < ap — N. 

Case (i-i ):-N < ap - N < b - p. 

Let c G (ap - N,b - p). That ||Cu|kp < C\\ |x| a Cw||oo < C||C"ll{a,b},(oo,p) is 
simply due to |ic| c ~ ap being integrable on SuppC C -8(0, 1) since c — ap > —N. 

4 Note that b — p = c 1 in 11.31 1 when r = p and that it is not assumed that ap — N ^ b — p. 
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Next, pick d e (-N,ap-N). Then, ||(1 - U \U, P < C\\ \x\ a (l - CMloo because 
d-ap < -N, so that \x\ d ~ a P is integrable on Supp(l-C) C R N \B(0, \). Thus, (1- 

O u ^ W {d,b} P) and IK 1 ~ u \\{d,b},(p, P ) < C| 1(1 -C)w||{o,6},(oo,p)- Since c G (d,b-p) 

and d,b-p> -N, part (i) of Lemma O yields W^j^ ^ L P (R N ; \x\ c dx) and 

so ||(1 — C) u \\c.p < C 11(1 — ()u\\{ a .b},(o°,p) f° r another constant C by compounding 
inequalities. 

Case (is): -N <b-p<ap-N. 

If c G (b — p,ap — N), what is now obvious is that |(1 — C) u lkp < C|| \x\ a (l — 
()u\\oc < C\\(l - u \\{a,b}>(°°,P)- To P rove HHkp < C'||Cu||{a,6},(oo,p), choose d > 
ap — N and argue as in Case (i-i), with minor modifications. Specifically, ||C u ll<i,p ^ 
C|| |x| a Cu||oo because |x| <i_ap is integrable on Supp£, so that S wM^with 

\Ku\\ {d , b} , ip , p ) < C||C«|| { ^}, ( oo,p), while W\^f LP(R N ; \x\ c dx) by part (i) of 
Lemma |4~T1 since c £ (b — p,ap — N) C (6 — p, d) 

(ii) By Kelvin transform, it suffices to discuss the case when b—p < —N < ap—N. 
Let c e (—N,ap — iV) be given. As in Case (i-2) above, it is plain that ||(1 — 
CHkp < C\\ \x\ a (l - C)«||oo < C||(l - CH{a,b},(oo,p)- The proof that \\Cu\\ c , p < 
C| IC U I l{a,6}.(oo,p) proceeds as in Case (i-2), by first choosing d > ap — N to get 
||C u IUp < C\\ |x| a Cu|[oo, but next using part (ii) of Lemma 14. II since c G (—N,ap — 
N)c\-N,d). 

(hi) It suffices to prove (|4.1j) . By Kelvin transform, suppose a < 0, c = b — p < 
—N with no loss of generality. By part (ii) of Lemma \3?2\ it is also not restrictive to 
assume u > and, by part (hi) of that lemma, that u is radially symmetric since, 
when u is changed into [(u p )s]p, the left-hand side of (|4.1[) is unchanged and its 
right-hand side is not increased. 

Now, if u > is radially symmetric, then u(x) = f u (\x\) with /„ 6 W^(0, 00), 
f u > and (|4.1|) becomes 

(4-2) \\fu\\b-p+N-l,p < C||/^||6 + Ar-i,p. 

By part (i) of Lemma I3T21 u G + since a < 0, so that /„(£) < J |/^(T)|dr 
by (|3.3|) and Lemma T3. II Thus, (|4.2|) follows from the Hardy-type inequality (|3.4p 
with a = b-p + N- 1 (< -1). □ 



5. The embedding theorem when 1 < r < p 

The embedding theorem when 1 < r < p (Theorem 15.21 below) will now be 
proved by combining Theorem 14.21 with the following special case of |10l Theorem 
5.2]. 

Lemma 5.1. Let b,c,d € ffi. and l<r<p<oobe given (I < p < 00 and 
< r < 00 if N = I). Then, Wffif* <-> L r (R N ; \x\ c dx) if one of the following two 
conditions holds: 

(i) d and b — p are on the same side of —N (including —N), d ^ b — p, c is in the 
open interval with endpoints r ( d + N ) _ _/V and r ( fc p +n ^ — _/V. 

(ii) d and b ~ p are strictly on opposite sides of —N and c is in the open interval 
with endpoints r ( d+jV ) — jV and —N. 
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Lemma 15.11 is also true if r = p, when it coincides with Lemma I4.1[ but the 
exposition is clearer by keeping the two statements separate. 

Theorem 5.2. Let a,b,c G R and l<r<p<oobe given (1 < p < oo and 
< r < oo if N = 1). Then, W^' p) L r (R N ; \x\ c dx) if and only if a ^ and 
one of the following two conditions holds: 

(i) ap — N ^ b — p are on the same side of —N (including b — p = — N ) and c is in 
the open interval with endpoints c° and c 1 . 

(ii) ap — N and b — p are strictly on opposite sides of —N and c is in the open 
interval with endpoints c° and —N. 

Proof. The necessity follows from Theorem 12. II 

(i) By part (i) of Theorem 14.21 with c replaced by d, it follows that Wj^^ <-} 
L p (Wi N ; |a;| da;) for every d in the open interval J with endpoints ap—N and b—p. Of 
course, this implies wM^ lJ '' wSj 1 '' for d G J. Since J is open and its endpoints 
are on the same side of — N, it is plain that if d £ J, then d and b—p are on the same 
side of -N and d ^ b - p. Therefore, by Lemma E3 Wh^f L r (M N ; |a;| c da;) 

for every d £ J and every c in the open interval Id with endpoints r ^ d ^ N "> _ anc j 
p 

Altogether, this yields Wk ( ^' p) ^ L r (R N ; \x\ c dx) for every c G U de ,// d and it 
is obvious that this union is the open interval with endpoints ar — N = c° and 

r(b-p+N) _ N _ i 

(ii) Proceed as in (i), but now using parts (ii) of Theorem l4.2l and Lemma [BTT1 □ 

Remark 5.1. For the subspace ofWj^^' p ^ of radially symmetric functions, Theo- 
rem \5.S\ remains true ifO < r < 1 : Just use the theorem with N = 1 after replacing 
b and c by b + N — 1 and c+ N — 1, respectively. 

6. The embedding theorem when p <r <p* 

When r < p, the proof of Theorem O shows that W^' p) ^ L r (R N ; \x\ c dx) 

if and only if W^ ,p) ^ L'P(R N ; \x\ d dx) for some suitable deR. This feature is 

no longer true when r > p, even when W^^'^ is replaced by the smaller space 

W}^^' P \M.^). Accordingly, the strategy of proof will be different. We shall need 
two other special cases of the embedding theorem in [10] . For clarity, they are given 
in two separate statements. Lemma \6. II is a rephrasing of parts (i) and (ii) of [10} 
Theorem 7.1] when :l p < r = q < p*" and the inequality in Lemma 16.21 below is 
proved in [10, Theorem 10.2]. 

Lemma 6.1. Let b,c,d G R and 1 < p < r < oo,r < p* be given. Then, 
W{dbf^ ^* ) ^ L r (R N ; |x| c da;) if one of the following conditions holds: 

(i) d and b — p are on the same side of —N (including —N), d+ r N ^ , c 
is in the semi-open interval with endpoints d (included) and r ( fc p+ n ) _ ]\f ( no t 
included). 

(ii) d and b — p are strictly on opposite sides of —N and c is in the semi-open 
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interval with endpoints d (included) and —N (not included). 

Lemma 16.11 remains true if r — p, when it is a special case of Lemma 14.11 since 



W, 



id 



Lemma 6.2. Let b 6 K and 1 < p < r < oo,r < p* be given. If b — p ^ —A, 
then Wl£%l } Ql?) -4 L r (R N ; \xfdx), where (as in (HQ)), c 1 = lfc£±M _ N _ 
Furthermore, there is a constant C > such that 

IMIcv < c||v u || 6 , p , Vu g wl^;%(R» ). 



The conditions given in Lemmas 16.11 and 16.21 are not necessary, but they will 
suffice for our purposes. 

Theorem 6.3. Let a,b,c £ R and 1 < p < r < oo,r < p* , be given. Then, 
W}q^ p \R^) <— > L r (R N ; \x\ c dx) if and only if a ^ and one of the following three 
conditions holds: 

(i) ap — N ^ b — p are on the same side of —N (including b — p= —N) and c is in 
the open interval with endpoints c° and c 1 . 

(ii) ap — N and b — p are strictly on opposite sides of —N and c is in the open 
interval with endpoints c° and —A. 

(Hi) a(b — p + N) > and c = c . If so, there is a constant C > such that 

(6.1) || u || cV <C||Vu|| 6 , p , V w eW^ p) (Rf). 

Proof. Once again, the necessity follows from Theorem l2.1l and we only address the 
sufficiency. 

(i) When d £ R runs over the open interval with endpoints c° = ar — A and 
b — p + a(r — p) = -x 1 + (1 — -)c , the point Cd '■= d — a(r — p) runs over the open 
interval with endpoints ap — N and b — p. 

Note that since < £ < 1, the point d above lies in the open interval with 
endpoints c° and c 1 . Since both ap — N and b — p are on the left (or right) of —N, 
then both c° and c 1 are on the left (or right) of — A, so that d and b — p are always 
on the same side of — A. 

Furthermore, if d is close enough to c°, then &±M. ^ fc ~ p+jv since this holds 
when d — c° (recall ap — A ^ b — p). This assumption is retained in the subsequent 
considerations. 

By part (i) of Theorem 14.21 with c replaced by Cd ■= d — a(r — p), it follows that 
IMkp < C|M| {a , fe}i(00iP) when u £ W\^' p) . If so, \x\ a u £ L°°(R N ) and r > p 
yield \x\ a(r ~P^\u\ r -P £ L°°(R N ) with || |x| a < r ^ M r ~ p l loo = || \x\ a \u\ \\£*>. As a 
result, \x\ d \u\ r = (\x\ a( - r ^ \u\ r ~P)(\x\ Cd \u\p) £ i^R^) and \\u\\ r dr = \\ \x\ d \u\ r \ |i < 

II M>l 11^11 M Cd M P lli = IIN Q klll^ P ll^ll? (i ,P ^ &M{a,bHoo, P y This shows 
that Wh^ ,p) ^ L r (R N -\x\ d dx). In particular, W^™' p) (R?) ^ L r (R N ; \x\ d dx) 

and so WI%' P) (M? ) ^ W$?<K»). 

As shown earlier, d and b — p are on the same side of — A and ^ b ~ p+jv . 
Therefore, by part (i) of Lemma 16.11 if c is in the semi-open interval with end- 
points d (included) and r ( b -P+ N ) - N = c^not included), then Wh^ffM?) ^ 

L r {R N ; \x\ c dx) and so, from the above, W^ ,P \R^) ^ L r (R N ; \x\ c dx). Since d 
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can be chosen arbitrarily close to c , this embedding does hold for every c in the 
open interval with endpoints c° and c , as claimed. 

(ii) Proceed as above, but now using the parts (ii) of Theorem EH and of Lemma 
16.11 (note that ap — N and c° — ar — N are always on the same side of — N, so that 
d and b — p as well as Cd and b — p are on opposite sides of —N if d is close to c°). 

(hi) First, Wh l %' P \ R ?) ^ ^{aT} P) ^ LP(R N ;\x\ b -Pdx), the latter by part 

(hi) of Theorem EH so that W}^' p \R?) ^ W^£l } (R?). Next, by Lemma 

IO W^ l ™l } {R?) ^ L r (R N ; \xfdx) and §7$ holds since b-p^ -N and c 1 = 
r (j,_ p+ jv) _ ^ ^ 
p 

Remark 6.1. 5e£ a r := c 1 = r ( fc ~P +jV ) — N to make explicit the r-dependence. 
By part (iii) of Theorem^ W\^ p \r^) W\£${R™ ) if a(b - p + N) > 
0. j4s pointed out in the Introduction of 10 ], the space 

W {arS( R *) is actually 

independent of p < r < p*,r < oo. Although this will be proved elsewhere ([ll],). it 
seems of interest to report that if N = 1 or p > N > 1 (hence p* — oo), this space 
also coincides with W,^' P \R^\ when a = b ~P +N , 7n other words, if N = 1 or 

{a, 6} v * / p ' J 

p> N > 1 andifb-p + N ^ 0, iften W^fi^ (Rf ) = Wj£#(R£0 /or every 
p < r < oo, with equivalent norms. 

7. The embedding theorem when p < N and r > p* 

When p < N and r > p* , the embedding theorem will be deduced from the case 
r = p* in Theorem 16.31 after changing u G wM^' p) (Rf) into M^. The details of 
the procedure follow. 

Lemma 7.1. Le£ a, b G R and 1 < p < N,p* < r < oo, be given. If u £ 

(7.1) a* := — and b* := b + ap [ 1 ) 

p* \p* J 

and || IxKM^IU = || \x\ a u\\t, ||V|u|^|| b ., p < £r||Vu|| 6 . p || \x\ a u\\t~ l ■ 

Proof. Since u G W^' 10 (Rf ) G L% C (R* ), it is clear that |u|** G ^(Rf )• Thus : 
everything is a routine verification if it is shown that V Hitl?*^ (as a distribution on 
R*0 i s p*\ u \* r ~ 1 V' u . This follows from [SJ Theorem 2.1 and Remark 2.1] since |t|*' r 
is locally Lipschitz continuous, Wj^' p) (R^ ) C W^Rf) and ^lul^Vu G 
Lf oc (Rf ) C LL(^f). " □ 

The next Lemma is just a special case of Theorem 16.31 

Lemma 7.2. Let a, b, c G R and 1 < p < iV, p* < r < oo &e given. If a* and b* are 
defined by (77p, t/ien WH~;^ (Rf ) ^ D>"(R N ; \x\ c dx) if and only if a ^ and 
one o/ i/ie following three conditions holds: 

(i) a*p — N =/= b* — p are on the same side of —N (including b* — p = —N) and c 
is in the open interval with endpoints c° = ar — N and c* 1 := p ^ b ~ p+jv ) — J\f — 
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-C + [1 — ) C" 



(ii) a*p — N and b* — p are strictly on opposite sides of —N and c is in the open 
interval with endpoints c° and —N. 

(Hi) a(b* — p + N) > and c = c* 1 . Furthermore, there is a constant C > such 
that 

(7.2) |M| c . ljP . < C\\Vu\\ b ,. p V U 6 W$$(R?). 

Proof. Observe that c° := ar — N — a*p* — N and use Theorem 16.31 with a,b,r 
replaced by a*,b*,p* , respectively. □ 



Recall the definition of 9 C in (|1.4p and (|1.5p when c is in the closed interval with 
endpoints c° and c 1 ^ c . 

Theorem 7.3. Lei a, 6, c G R and 1 < p < AT, p* < r < oo be given. Then, 
^{ab}'^ 0^*0 ^ L r (K Ar ; |a;| c d:E) if and only i/a^O and one of the following three 
conditions holds: 

(i) ap — N b — p are on the same side of —N (including b — p = —N), c is in 
the open interval with endpoints c° and c 1 and 9 C < ^- (i.e., c is in the semi-open 
interval with endpoints c° (not included) and c* 1 = ^rc 1 + ^1 — ^r^j c° (included)). 

(ii) ap — N and b — p are strictly on opposite sides of —N, c is in the open interval 
with endpoints c° and —N and 9 C < (i.e., 9-n G (0, 1) is defined and c is in the 
open interval with endpoints c° and —N if #_jv < ^ or in the semi-open interval 
with endpoints c° (not included) and c* 1 (included) if 9_n > p p). 

(Hi) ap — N = b — p and c = c 1 (— c°). If so, there is a constant C > such that 

(7.3) |H| c , r < C\\Vu\\f p \\ \x\*u\fc*, Vu e ^^(Kf)- 

Proof. The necessity follows from Theorem l2.1l and Corollary |2.3l and the sufficiency 
is proved below. 

(i) By (|7.ip , the hypothesis ap - N ^ b — p shows that a*p — N b* — p. 
Furthermore, since ap — N and 6— p are both on the left (or right) — N, it is readily 
checked that the same thing is true of a*p — N and b* — p. Another important point 

is that b* — p -N. Otherwise, 6 - p + N — —ap ^ - lj . Since r > p*, this 
implies b — p + N<0iia>0 and 6 — p + A r >0ifa<0so that, in either case, 
ap — N and b — p are strictly on opposite sides of — N, in contradiction with the 
standing hypotheses. 

By part (i) of Lemma l7.2[ if c is in the open interval with endpoints c° and c* 1 , 
there is a constant C > such that ||w|| c . p * < C(|| |a:| a *v||oc + ||Vu||f,» iP ) for every 
v G wffi$(M?)- % LemmaEU this holds with v = \u\^ and u G W^ p) (R^ ). 
Since (also by Lemma l7TTj) 

(7.4) || l^r'lul^lloo = || \x\ a u\\t and ||V|u|^|| 6 ., p < ^||Vu|| 6 . p || \x\ a u\\t^ , 

l—— p* 
it follows that ||u|| c ,r < C\\ x| a u||oo r (|| M a-lt lloo + 1 1 Vw| |b. p ) ~ < C(| |x| a u||oo + 

||Vu||6. p ), whence W^' p) (M.^ ) <-> L r (R N ; \x\ c dx). 

Since 6* — p ^= —N, the same argument, but with part (iii) of Lemma l7. 21 instead 

of part (i), shows that W^' p) {R?) ^ L r (R N ; \x\ c dx) also when c = c* 1 . 
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(ii) The main difference with (i) is that ap — N and b—p being strictly on opposite 
sides of — N does not imply the same thing for a*p — N and b* — p. The argument is 
split into three cases, depending upon the relative values of 6>_jv and p —. Observe 
that since ap — N and b — p are strictly on opposite sides of —N, the same thing is 
true of c° and c , so that — N is in the open interval with endpoints c° and c 1 and 
9-n e (0, 1) is defined. 

Case (ii-i): 6_ N > 

Since c* 1 = ^c 1 + f 1 - 2-) c° with c° ^ c 1 amounts to c »i = ^, it follows that 

r \ r J 1 f 

9-n >6 c ,i. In particular, c* 1 ^ -N and so b* -p ^ -iV since c* 1 = p'(*>"-p+ n ) _ jy, 
a formula which also shows that c* 1 and b* — p are on the same side of — iV. On 
the other hand, #_at > 9 c *i also means that c* 1 and c° = ar — N are on the same 
side of — N. Since o ^ and a* ^ have the same sign, ar — N and a*p — N are 
also on the same side of — N. As a result, a*p — N and b* — p ^ —N are on the 
same side of — N. Therefore, the proof of (i) can be repeated verbatim, to the effect 
that Wj$£ ,ri (Kf) ^ L r (R N ;\x\ c dx) for every c in the semi-open interval with 
endpoints c° (not included) and c* 1 (included). 
Case (U-b): #_jv = ^r- 

Then, — N = c* 1 and so fe* — p = — N. Evidently, this ensures that a*p — N and 
b* —p arc still on the same side of — N (though of course not strictly). The proof of 
(i) still shows that Wh ( ^' p) (Rf ) ^ L r (R N ; \x\ c dx) for c in the open interval with 
endpoints c° and c* 1 = — N (but not when c = — JV). 

Case (Us): 9-n < ^r- 

By arguing as in Case (ii- 1) , a*p — N and b* — p are now strictly on opposite 
sides of —N. By combining part (ii) of Lemma [7721 and Lemma [7Tl in the same way 
as in the proof of (i), it follows that Wh ( %' p) {R* ) ^ L r (R N ; \x\ c dx) for every c in 
the open interval with endpoints c° and —N. 

(iii) If ap-N = b-p, then c° = c 1 = c*\ the latter since c* 1 = £-c l + (l - ^) c° 

and c° = c 1 . If a > (a < 0), then b- p> -N and b* - p > -N (b - p < —N 
and b* -p < -N). Thus, a(b* -p + N) > 0, so that follows from Lemma [7Tl 
from (|7.2[) with u replaced by Im)^ and from (|7.4[) . □ 

8. An example 

As an application of Theorem ll.il we characterize all the real numbers a, b and 
1 < p, r < oo such that wM^' p) (Mf ) L r (M Ar ), i.e., such that c = is admissible 
in Thcorcm ll.il We merely give the result and leave the routine (though somewhat 
tedious) verification to the reader. This verification is easier by using Theorems l4.2l 
15.21 16.3l and l7.3l rather than Theorem [O] (equivalent to all four theorems together, 
but not phrased in terms of the relative values of r, p and p*). It is also helpful 
to notice that ap — N and b — p are on the same side of —TV (including —N) if 
and only if a(b — p + N) > and strictly on opposite sides of —N if and only if 
a(b-p + N) < 0. 

Theorem 8.1. Let a, b £ K and 1 < p < oo be given. Then, wM^ ,p) (Mf) <-> 
L r (W N ) if and only if a > and one of the following conditions holds: 
(i) 1 < r < p and 



1(5 



PATRICK J. RABIER 



(iri) a<& andb>Np(jf + i-£) or 
(is) a > f and b < Np (i + ± - l) . 
(ii) p < r < p* and 

(U-i) a <% cmdb>Np(jf + ±-£) or 
(us) a> f and & < iVp + i - i) or 

a = t and 6 = ^ + f - 1) • 

(iiij p < N,r > p* and 

(iii-i) a < and b > arp (± + ± - £\ or 

(iii-2) a> ^ and b < arp (± + £ - |j or 

r»«; o = t» & = «rp + i - j) = jv p + i - i) . 

For the subspace of radially symmetric functions of W}^^' P '(M.^), part (i) re- 
mains true when < r < p. (Of course, the embedding properties of radially 
symmetric functions into L r (M. N ) have nothing to do with the case N = 1 of Theo- 
rem ETJ because the reduction to N = 1 not only requires changing b into 6 + N — 1 
but also c into c+ N — 1, which does not preserve the value c = 0). 

Whenever u G W^^' P \M.^) and a < (a > ^) is assumed, the integrability 
of \u\ r near the origin (at infinity) is obvious. What is not obvious is that integra- 
bility at infinity (near the origin) is also true when the complementary condition 
about b holds. In (ii-3) and (iii-3) , a = — alone does not suffice for \u\ r to be 
integrable near the origin or at infinity, so that both properties also depend upon 
the complementary condition b = pN ( + i — . 

Below, we give more direct proofs of the sufficiency part of Theorem 18.11 in 
three simpler special cases. In these proofs, the role played by the integrability 
properties of V« (i.e., by the complementary condition referred to above) becomes 
more apparent and connections with (semi) classical results are revealed. On the 
other hand, the arguments depend upon the problem at hand and do not suggest a 
general procedure to prove Theorem l8.il let alone Theorem ll.il in any generality. 

Example 1. Let N = 1 and a = b = l,p = r = 1. Clearly, the embedding prop- 
erties are the same when R» is replaced by (0, 00). Thus, by (ii-3), u £ i 1 (0, 00) if 
tu 6 L°°(0, 00) and tu 1 £ i 1 (0, oo). Since this assumption is unaffected by chang- 
ing u into u|, it is not restrictive to assume u > 0. Then, u is locally absolutely 
continuous on (0, 00) and the formula f u = (3u({3) — au(a) — J a tu' for every 
< a < (3 < 00 shows that, indeed, u £ i 1 (0,oo) since the right-hand side is 
bounded irrespective of a and /3. 

Example 2. More generally, still with iV = 1, assume r > p and b = p (l + ^ — jjj 
By (ii) of Theorem O u £ 77(0, 00) if t a u £ L°°(0,oo) for some a > and 
t~pu' £ L p (0, 00). Since a > 0, it follows from part (i) of Lemma l3.2l and from Lemma 

IO that \u(t)\ < J^\u'(T)\dT. On the other hand, (f™ ( |u'(r)|dr) dtY < 

C (f™t b \u'{t)\Pdt)? by an inequality of Bradley [J, p. 40] generalizing the 
Hardy-type inequality f|3.4[) . which gives again u £ L r (0 7 00). 
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Example 3. Other special cases of Theorem 18 . 1 1 can be given alternate proofs, 
including when N > 1. For example, if b = in Theorem 18. 1[ then (i-i), (iii-2) and 
(iii-3) cannot occur and the necessary and sufficient conditions for Wj^ ^ (K^) <—} 
L r (R N ) take the much simpler form: 

Corollary 8.2. Let a G R and 1 < p < 00 be given. Then, wM^ ,p) (Kf ) <-> 
L r (R N ) if and only if a > and one of the following conditions holds: 

(i) 1 < r < p* and a > 

(ii) p < N,r = p*. 

(Hi) p < N,r > p* and a < — . 

With the help of the right trick, the sufficiency part of Corollary 18.21 can also 
be proved by classical arguments (necessity still relies on Section [5]). Since N = 1 
is trivial, we assume N > 2 and, for brevity, we only show how W^^' P \R^) C 
L r (R N ) can be recovered without elaborating on the continuity issue. 

We shall need the preliminary remark that W^ p) (R^) = Wk^' p) {R N ) for 
every a£l when N > 2. To see this, note that R^ is the union of finitely many open 
half-spaces H 3 . If u G W\^ } ' p) {R.^ ), then Vu G LP{H 3 ) and so u G W l ' p {B n ffj) 

where i? is the unit ball of R N . Since j is arbitrary, it follows that u G T / F 1,p (S\{0}). 
By [H Theorem 2.44] or by the so-called "absolutely continuous" characterization of 
Sobolev functions (pH Theorem 2.1.4]), W X *{B\{Q}) = W l < p (B) since N > 2. In 
particular, Vu as a distribution on B coincides with Vu as a distribution on _B\{0}. 
Thus, Vu is the same as a distribution on R N or Mf , so that u G W { ^ ,p) (R w ). 

Remark 8.1. By a similar argument, W^ a iq b f (R? ) = Wh^f ) (R N ) when N > 2 
and b < 0, irrespective of 1 < p < 00, 1 < (7 < cxd and a G R- However, equality 
need not hold when b > 0. For example, if u G C°°(IR^ r ) /ias bounded support and 
coincides with \x\~ N on a neighborhood o/O, f/ieu u is not integrable near 0. Thus, 
u is not in W^^\r n ) for any values of the parameters, but u G Wj^^fM.*) if 
a and b are large enough (depending on p and q). 

By using w\^ p) (Kf ) = W^ } ' p) {R N ) , a "direct" proof that a > plus any 

one of the conditions (i) to (iii) of Corollary^ suffices for W^ } ' p) {Rf) C L r (R N ) 
goes as follows. 

Suppose first that p < N and let u G W^^' p) {R N ) be given. By Sobolev's 
inequality, there is a constant C > independent of u such that ||u — c|| p * < 
C||Vu|| p for some c G R. In addition, \x\ a u G L 00 ^^) with a > implies that u 
tends (essentially) uniformly to at infinity. Thus, c = 0, so that u G £ p (R w ) and 
I M|p* < C||Vu|| p . Not only this shows that (ii) suffices, but it also corroborates 
the inequality |TS]) (or JTS}) of Theorem O when a^^-l(ora=^-l),& = 
and r — p* (so that c 1 = in (|1.4I) . whence O = !)• 

Next, if r > p*, the same argument that u tends to at infinity and (R N ) 
show that \u\ r is integrable at infinity. If a < — , then |u| r is also integrable near 
0, which proves that (iii) suffices. On the other hand, if r < p*, then u G LP (R N ) 
implies u G L[ oc (R 7V ) while \u\ r is integrable at infinity if a > ^. This proves that 
(i) suffices when p < N. 
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It only remains to prove the sufficiency of (i) when p > N and 1 < r < oo. 
As before, a > ^ implies that \u\ r is intcgrable at infinity. Once again, let B 
denote the unit ball of M. N and Hj a finite collection of open hyperplanes such that 
UHj = . The condition Vu G LP(R N ) implies Vu G LP(B D Hj). Therefore, 
u G W 1 ^ P {B n Hj) and so u G L r (B n Hj) by the Sobolev embedding theorem. As 
a result, u G L r (i?\{0}) = L r (B) and the proof is complete. 
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